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As we approach the end of the year, it may be a long time before we devote much attention to the number 2012 again, so I thought we should take a final look and see whether we could find out anything interesting about it.  Each of the questions I tried to ask is also applicable to other numbers, of course...


1. Pythagoras. I consider the most interesting aspect of the date twenty twelve to be that the two numbers 20 and 12 are two sides of an integer right triangle. You can easily check this by noting that 202 -122 =162. Of course this isn't unique; in this century, at least 2016, 2048, 2065, and 2099 have this property, but it is still pretty cute. Coming up with whether a pair of numbers form a right triangle requires considering three cases: either of them or neither could be the hypotenuse of the triangle. For 20 and 12, we can eliminate the case of 12 being the hypotenuse, because 20>12, and so that leaves us two cases to check with the Pythagorean Theorem. For the neither case, we would compute √544, which is 23.32 … Since that is not an integer; this case doesn't create an integer right triangle. For this problem, we will present your program with four pairs of integers. For each pair, the program will output either NO, if there is no way to make an integer right triangle including the two numbers, or the third side, if there is. We guarantee that there will be at most one way to make a right triangle with the given inputs.

Sample input:
20 12
20 15
20 14
99 101

Output for Sample input:
16
25
NO
20
2. Euclid. Euclid's Algorithm for finding the largest common factor of two numbers may be the oldest numeric algorithm description still in existence. It is based on the idea that the difference of two numbers should have the same greatest common factor as the two original numbers, unless the difference is zero, in which case the numbers were identical, and are their own gcf.

For example, the gcf of 20 and 12 must be the same as the gcf of 20 and 8=20-12, and also the same as the gcf of 12 and 8. The second of these pairs is chosen, and since they are not identical, the algorithm continues with them. The following table shows the steps:

	X
	Y
	Bigger of the two
	Smaller of the two
	Bigger – Smaller

	20
	12
	20
	12
	8

	12
	8
	12
	8
	4

	8
	4
	8
	4
	4

	4
	4
	
	
	



We're going to give your program four pairs of numbers. For each pair, determine the greatest common factor.

Sample input:
20 12
201 2
20 14
99 101

Output for Sample input:
4
1
2
1

3. SumRun. One of the interesting features of 2013 is that it can be represented as the sum of the 61 consecutive integers 3+4+5+...+62+63 = 2013. It turns out that the longest sequence of consecutive integers that sums to 2012 is 248+249+250+...+255 = 2012. This sequence is only eight integers long, and is not nearly as interesting as the 2013 sum. In general, given any integer, n we can ask, what is the longest run of consecutive integers whose sum is n?

We'll give your program four integers and for each one it will find the longest such sequence of positive integers and print out the first number and the length of the sequence.

Sample input:
4
4000
503
2012

Output for Sample input:
the sequence of consecutive integers of length 1 beginning at 4 sums to 4
the sequence of consecutive integers of length 64 beginning at 31 sums to 4000
the sequence of consecutive integers of length 2 beginning at 251 sums to 503
the sequence of consecutive integers of length 8 beginning at 248 sums to 2012
4. Finite differences. Charles Babbage's design for the Analytical Engine is regarded as the first design for a digital computer, even though he never finished building it. His design for the Difference Engine is less well known. It is based on the idea that you can compute any polynomial function, and thus approximate any continuous function over some interval, by adding differences. 

For example, consider the polynomial function y = x2 + 3x -2
	x
	f(x)
	Δf(x) = f(x+1)-f(x) 
	ΔΔf= Δf(x+1)-Δf(x)
	ΔΔΔf= ΔΔf(x+1)-ΔΔf(x)

	0
	-2
	4
	2
	0

	1
	2
	6
	2
	0


	2
	8
	8
	2
	0

	3
	16
	10
	2
	0

	4
	26
	12
	2
	

	5
	38
	14
	
	

	6
	52
	
	
	


Each of the difference items in the table is the difference between the number to its left (or West) the number to its left and down (or Southwest) except that for numbers in the bottom right corner, since I couldn't subtract I just left them blank.

But looking at the columns, it's easy to believe that all the entries in the right column should be zero, and all the entries in the ΔΔf column should be 2. If you wanted to compute f(7), you could compute Δf(6) by assuming that it would be 2 more than Δf(5). Then you could compute f(7) by adding f(6) and Δf(6). If you wanted f(8), you'd need to compute f(7) and Δf(7), and add those.

If you reverse the procedure of taking differences, and add them in, instead, assuming that all the entries in the rightmost column are going to be zero, you can fairly quickly compute dozens of values of f(x). It turns out that the number of columns of non-zero differences is the degree of the polynomial. I think Babbage's Difference Engine could handle 6 columns of non-zeros, so it could compute tables of function values up to polynomials of degree six.

For this problem, we're going to give your program g(0), Δg(0), ΔΔg(0), for a quadratic polynomial, and your program should compute g(100). There is a way to turn those differences into a formula, which might be faster for the computer to use, but we're not telling; we're expecting you to find the value g(x) by adding successive differences. You'll notice that you really only need to keep track of three values at a time, not all 303, because you can compute g(x+1), Δg(x+1), ΔΔg(x+1) from g(x), Δg(x), ΔΔg(x) without looking at earlier values and differences.

Sample input:
2 0.1 2
2.0 1 2
2 0 12
20 1 2

Output for Sample input:
10112.000
10202.000
60602.000
10220.000

5. Palmost. The fact that 2012 starts and ends with a 2 is slightly interesting, but the number would be more interesting if it were a palindrome, that is, it read the same in both directions, like 2002. It does seem that 2012 is closer to being a palindrome than 2013, though, because you can turn it into one by inserting a 1 after the first 2, whereas 2013 requires inserting at least three digits to become a palindrome, for example if you add 102 on the end you get the palindrome 2013102. Of course there's more than one way to make 2012 into a palindrome; we could also add the ten characters tappat2102 to the end to get a fourteen-character palindrome. But one is the fewest number of characters which can be inserted; there are two different ways to do it, inserting either a 1 or a 0. Any string of length n can be turned into a palindrome by adding at most n-1 characters. Strings which require fewer characters inserted to become a palindrome are more interesting and strings which are already palindromes will require zero characters to become one.

For this problem, we'll give your program four different strings of characters, and for each string, the program should output the smallest number of characters needed to be inserted to turn the string into a palindrome.

Sample input:
2011
2012
2015
android

Output for Sample input:
2
1
3
4

6. PalBase. Of course, the representation of a number depends on the base. In base 2, 2012 is 11111011100, which happens not to be a palindrome, either, but in base 2011, the representation would be 11, which is, and in base 1, the representation would be two thousand twelve 1 digits, which is also a palindrome. The base one case is a palindrome for every number, so it isn't very interesting, and the base = n-1 scheme works for every value n>1, so it isn't either; but we can ask the question, what is the smallest base less than n and greater than one for which n is a palindrome. For 2012, that is base 14, and the place values for the digits are 10 in the 196's place, 3 in the 14's place, 10 in the one's place. 
If we used the digits A, B, C, D for the digit values 10, 11, 12, 13, as we do in the usual hexadecimal representation, that would be 2012 = A3A14

We'll give your program four numbers, and it should print out the smallest base and the digit values, in decimal, for the representation of the input number in the indicated base.

Sample input:
2011
2012
2015
2016

Output for Sample input:
2010 1 1
14 10 3 10
2 1 1 1 1 1 0 1 1 1 1 1
47 42 42

7. PrimeBase. While we are playing with bases, we note that the numeral 2012 is a perfectly good base 3 number, where it represents 59 decimal, which happens to be prime. (2012 doesn't work for a binary, or base 2 number, because the largest digit value for a base 2 number is one.) If we consider the bases 1 through 36, for which we have familiar digit names (in base 36, the largest digit would be Z, representing the digit value 35) we find that 2012 turns out to be prime in base 3, 5, 13, 23, 25, 29, and 33. (In those bases it represents the decimal numbers 59, 257, 4409, 24359, 31277, 48809, and 71909, respectively.) We'll give your program four numerals, none including non-decimal digits; for each number you'll print back, on a single line, the bases for which the numeral represents a prime number, or NONE if there are no such bases.

Sample input:
2011
2013
2015
2016

Output for Sample input:
6 8 10 12 14 16 22 24 28 34
NONE
6 14 22
NONE
8. PrimePairs. It turns out that 2012 can be expressed as the sum of two primes in 27 different ways. This isn't particularly unusual, because according to the still unproven Goldbach conjecture, every even number can be written as the sum of two primes. (Odd numbers can only be written as the sum of two primes if one of the primes can be 2.) It's mildly interesting that 27 seems to be relatively low among nearby even numbers, although I haven't collected much data. It would be easier to collect it, if you were to write a program whose job it is to produce just that statistic: how many different pairs of primes sum to a given number. Fourteen is the first even number with two different pairs, (3,11) and (7,7). Eighteen has three pairs, (1,17), (5,13), and (7,11). [1 is sometimes not counted as a prime number, but we need it to make the conjecture true for 2. Zero is not prime, of course – it has an infinite number of factors.] If you happen to come up with an even number which cannot be expressed as the sum of two primes, the judges would be interested in co-authoring a paper with you. 

Sample input:
2010
2012
2011
20000012

Output for Sample input:
84
27
0
54296
9. SpokenNumerals. English spoken numerals are much more complicated than their written numeric form. Before you can begin to speak, you have to determine what the largest non-zero place value is, and to pronounce numbers less than one hundred, you need to know the names of the multiples of ten and all the numbers less than twenty. For some numbers, there is more than one standard way to pronounce them. 2012 can be pronounced as either two thousand twelve or twenty twelve; 100 can be pronounced as one hundred or a hundred; 212 is either two hundred twelve or two hundred and twelve. For each of these cases, the judges will accept only the first of the two alternatives.

Sample input:
0
314
2012
123456789

Output for Sample input:
zero
three hundred fourteen
two thousand twelve
one hundred twenty three million four hundred fifty six thousand seven hundred eighty nine
10. SpokenAddition. Spoken addition problems usually use and to indicate addition. We'll give you four addition problems in written English, each beginning with How much is and ending with a question mark, and your program will compute the answer and print it out as a number. You'll notice that the example input doesn't expect and embedded inside a number; it also doesn't deal with using a instead of one. Your program should behave the same way.

Sample input:
How much is four and six and eleven and twenty one?
How much is three hundred and twenty five thousand and two?
How much is three hundred fifty six thousand and two hundred and fifty six?
How much is two thousand twelve?

Output for Sample input:
42
25302
356256
2012


1

